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INTRODUCTION

In the last ten years, the question of uniqueness of best L,-
approximation of continuous functions has been widely investigated. The
increasing research activity in this area was inspired by the fact that uni-
queness of best L -approximation of continuous functions imposes less
restrictions on the approximating family than in the case of Chebyshev
approximation. In the present paper we shall consider the problem of
characterizing those subspaces of continuous functions which guarantee
unicity of best L,-approximation with respect to all positive weights. This
problem will be studied in the general context of Banach space valued
functions. Some applications of the main results will also be discused.

Notation. Let K be a compact subset of R" (n> 1) such that K=1Int K
and u(int K)> 0, where u(...) denotes the Lebesgue measure in R*. Further-
more, let X be a real Banach space with norm |-]/y. W denotes
the set of all measurable real functions @ on K such that
0 <inf{w(x): xe K} <sup{w(x): xe K} <oc. Consider the space C(K, X)
of continuous functions /: K — X. Given a weight we W we introduce the
norm

Iflo=] o) 1xlde (feCK X))

and denote by C, (K, X) the space C(K, X) endowed with the above norm.

Let now M be a finite-dimensional subspace of C (K, X). As usual we
say that pe M is a best approximant of fe C (K, X) if and only if
I f—pll,=inf{llf—qll.,: ge M}. In the present paper we shall study the
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unicity of best approximation in C, (K, X). The existence of best
approximants follows immediately since M is finite-dimensional. The sub-
space M is called a Chebyshev subspace of C (K, X) if each fe C,(K, X)
has a unique best approximant in M. Let us denote by

N o el =l
T, v)= lim ——m=
= !

the left derivative of norm || || y(u, ve X, u#0). It is well-known that this
limit always exists, the functional t,(x,-) 1is frequently used in
approximation theory.

We shall need the following characterization of best approximation
(see [15]). The element pe M is a best approximant of fe C (K, X) if and
only if for any ge M

o) T~ p O A< | o)lglde (1)

JK\ZU' - p) Z(fp)

Here and throughout the paper Z(g)= {xeK: g(x)=0}.

GENERAL THEORY

In this section we shall give some general theorems on unicity of best
approximation in C (K, X).

Given the linear subspace M = C(K, X) we set M* = {g* e C(K, X): there
exists ¢ € M such that for each x € K either g*(x) = §(x) or g*(x)= —g(x)}.
This notation originates from [11]. The next theorem gives a useful criteria
for Chebyshev subspaces in C (K, X). For the case when X=R it was
proved by Strauss [12]. In [4] we verified it for X = R* endowed with the
Euclidean norm.

THEOREM 1.  Let M be a finite dimensional subspace of C (K, X), we W.
Then in order that M be a Chebyshev subspace of C (K, X) it is necessary
that no g* € M*\{0} has 0 as a best approximant in M. Moreover, if the
Banach space X is strictly convex then this condition is also sufficient.

Proof. Let us verify the necessity. If 0 is a best approximant of some
g*e M*\{0} then (1) holds with f = ¢* and p = 0. Furthermore there exists
a ge M\{0} such that g*(x)=y(x)g(x) where y(x) is either 1 or —1
{xe K). Evidently, we have Z(g*+d6§)=Z(¢*) f —1<d<1. Moreover,
since T y(aw, v) =1,(u, v) for any u, ve X, u#0 and o« >0 it follows that for
any xeK\Z(g*), and geM 1,(q*+6q, q)(x)=1x((y+9)q q)(x)=
(g%, q)(x). Thus by (1) —35e M\{0} is a best approximant of g*, as
well.
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Let us prove now that if X is strictly convex then the condition of
theorem is sufficient. Assume that feC (K, X) has two different best
approximants p,, p,e€ M. Then (p,+p,)/2 is also a best approximant,
hence almost everywhere at K

1S=p)+(=pNx=1S=pillx+ 1f=pal s (2)

holds. By continuity of the functions involved and the relation K =1Int K
we obtain that (2) holds for each x € K. Now using the strict convexity of X
we can conclude that for every x € K either one of the quantities (f'— p,)(x)
and  (f—p,)(x) s zero or (f—pNx)=c(f—p,)x), where c¢=
c(x)e R\{0}. Then setting f*(x)= f(x)— (p,(x)+ p,(x))/2 we obtain that
for any xe K\ Z(p, — p,)

TE) =3(x)p, — pa)x), (3)

where 7(x) is a real constant. Moreover (2) implies that Z(f*)c
Z(p, — p,), hence y(x)#0 if xe K\ Z(p, — p,). Let us consider p* given by

[Py = p2)(X) &
[/*(x H‘

if xe KNZ(f*) and p*(x)=0 for xe Z(f*). Since p* is continuous at
K\NZ(f*) and Z(f*)< Z(p, — p,) 1t follows that p* e C(K, X). Moreover
by (3) for xe K\Z(p, —p,) we have p*(x)=(p, —p,)}x) sign y(x). Thus
p*e M*\{0}. Furthermore, using again (3) we have for any ge M and
xe K\NZ(p,—p2)

JE @) =14(0(pr—p2) @)x) = T(pF, g)(x). (4)

prx)= S*(x)

Finally, taking into account that O is a best approximant of f* in M we
derive by (1) and (4) that for each ge M

L » *]w(X)rx(p*,q)(X)du
=], el g0 d

Sf”(/_)w(x)rx(.f*,q)(x)dwrf ()T (f*, g)(x)| du

ZOp* N7

<], owlgldi | (X q(x)] y du

Zp* N ™)

:L( |, @GN
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(In the last inequality we have used the obvious relation [t ,(u, v)| < |v] x,
u, ve X, u#0.) Thus 0 is a best approximant of p* e M*\{0}. The proof of
the theorem is completed.

Theorem 1 reduces the study of L,-approximation of functions in
C,(K. X)to M* but it is not very convenient for concrete applications. We
shall now introduce an L,-norm independent property of M which turns
out to be very useful in the study of the uniqueness of L-approximation.

DEerINITION.  The finite dimensional subspace M = C(K, X) is called an
A-space (or is said to satisfy the 4-property) if for any p* e M*\ {0} there
exists a pe M such that

(i) p=0ae. on Z(p*)
(1) (p* p)x)=0 ae. at K\Z(p*) and

this inequality is strict on a subset of K\ Z(p*) of positive measure.

The notation of A-spaces in the case when X=R, K=[a, b] first
appeared in a paper by Strauss [11], who attributes it to an oral com-
munication of DeVore.

Strauss [11], in the above case, also proved this next result which is an
easy consequence of Theorem 1| and the above definition.

THEOREM 2. Let X be a strictly convex Banach space and assume that M
is an A-subspace of C(K, X). Then M is a Chebyshev subspace of C (K, X)
for every me W.

Proof. 1f our claim fails to hold for some &e W then by Theorem 1
there exists a p* e M*\ {0} such that

L P T des | g

JI\'\Z(/)") p*)

for any ge M. On the other hand the A-property of M ensures the
existence of a p e M for which the left side of the above inequality is strictly
positive while the right side is 0.

Thus by Theorem 2 if X is strictly convex then the A-property implies
that uniqueness holds with respect to each weight we W. It turns out that
assuming that X i1s smooth this statement can be reversed. Recall that X is
smooth if at every point of its unit sphere there exists a unique tangent
functional. It is known that in this case 7,(u, -) is a linear functional.

THEOREM 3. Let X be a smooth Banach space and assume that M is
a Chebyshev subspace of C, (K, X) for each we W. Then M satisfies the
A-property.
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Proof. Tt follows by Theorem ! and (1) that for any g* e M*\{0} and
w e W there exists g e M for which

~

| o ndgt ) de> | ol)lg)] v du. (5)
CKL A g*y Zlg*)
Let g*e M*\ [0} be given and set M={geM: ¢q=0 ae. on Z(q*)}.
Evidently, A/ is a nonempty linear subspace of M.
Our main goal is to prove the following:

Cluim. Therc exists a ¢, M such that

w(X) Ty(g*, go)(x) du+#0 (6)

JI\'KZ((/‘)

for any we W.
Assume that our claim is false, ie., for any ge M we can find an we W
satisfying

o(x) T4(g*, g)(x) du=0. (7)

JK\ Z(g*)

Let dim M =k, k> 1, and let ¢, ... ¢, be a basis in M. It is well known
that in a smooth Banach space X the functional ¢(v)=1,(x, v) is linear
for any fixed ue X, us0. Therefore it follows by (7) that for any
h=1(h,,.. b,)eR* there exists an we W such that

K
. w(x) 1y <q*, Y b,q,) (x)du

i=1
=Y b o) Tt )0 die (8)

Consider the set

k

Ay= {( [ omede® g du) Lwe W}.
K Z(g*) ]

=1

Obviously, 4, is a convex subset of R*. Moreover by (8), 4, has nonempty
intersection with any hyperplane H(b)= {ae R*: (a, by =0}, be R*({-, )
denotes the usual inner product in R*). Assume that 4, is an r-dimensional
convex subset of R*. Let us prove that 0e 4,. If r=0 this holds trivially
hence we may assume that 1 <r < k. Since 0 is a cluster point of 4, we can
conclude that A, contains r linearly independent vectors, ie., for some
Wy, €W
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k

=(] L emnhamd) 1<
K\Z(q*)

i=1

are linearly independent. We state that 4 is an open subset of the flat F, =
span{1,,... 1,}. Consider an arbitrary ¢e 4, ie., for some w.e W

. k
('=(C,-)f1:<' w(x) Tx(g*, q,)(x)du> : (9)

YKL Zg*y V!
Evidently, if we choose h>0 to be small cnough then w +hw,e W
(j=1.. r). Therefore

k

5‘/:-:<[ (wq 4 vhw ) (x) T(g*, q,-)(.\‘)d/l) €A, (10)
' YKL Zg%) ' |

for any 1 < j<r and y = +1. Furthermore, by (9} and (10)
%.o=c+phl (1< j<r y= 1), (1

Moreover convexity of A4, implies that for any 7, 20 (1 </ <¥,
such that 37 7,,+3 |1, ;=1 we have by (I1)

= D)

h

r

Z Tad,,+ Z T, %, =C+h Z (T =1, ) 1A,
=S i—1 ;o

This and linear independence of 1,. 1 </<r, yield that 4, contains an
r-dimensional ball with center at ¢. Thus A4, is an open convex subset of F,.
1f0¢ A, then O e BdA,, and there exists a hyperplane Fin F, supporting A,
at 0. Since A, intersects any hyperplane H(b)= {aeR": {(a,h)> =0} it
should intersect F, as well. But this contradicts the fact that A, is open in
F.. Therefore 0 should necessarily belong to 4, i.c., for some we W

j BX) Ty(g*, g XY du=0 (1 <i<k).

K Z(g*)

This and linearity of 1 («, *) (¥ #0) imply that

B(x) Telg*, q)x)du=0,  ge il (12)

JK\ Z(g*)

Let now ¢,,.., g, be a basis in M, where as above ¢,..... ¢, (kK <n) is a basis
in M and set M’ =span{q,_ ..., ¢, ;- Consider the functionals

m@)={  la@lyde  mxg)=sup lg(x)l,.  ge M.

~Z(g*) xe K
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Obviously, #,(¢) 1s a norm on M’ Moreover, since #,{(q)>0 for
ge M {0}, n,(g) is a norm on M’, too. By the equivalence of norms in
finite dimensional spaces we obtain that there exists a positive constant &
independent of ge M’ such that y,(g)<#,(g) ¢ for every ge M'. Consider
now the weight w* e W given by

w(x), xe K\ Z(¢g*)
¢supo(x) u(K),  xeZ(g*).

ve K

w*(x)=

Then by (12) and linearity of ¢ ~functional for any ¢= ¢, + ¢, M, where
G €M, g-e M’', we have

@*(x) Tlg*, gHx) du

Jk Zig*)
= @(x) T(g*, §2)(x) d
YR Z(g*)
< sup o(x) u(K) n5(g>) < € sup o(x) w(K)y n,(g,)
ve K

Xe K

= oGl du= | o*lgly du

Y g*) Y lg*y

But this contradicts (5).

By this contradiction we obtain that our claim is true, i.e., there exists a
g, € M satisfying (6) for all we W. This implies that either 7,(g*, ¢,) =0
a.e. on K\Z(g*) or 1.(q% ¢,) <0 ae. on K"\ Z(g*). Indeed, if we assume
that the sets

S,={xeK\Z(g*): (— 1) 14(g*, qo)(x)>0}, i=1,2,

have both positive measures then
(— D)) tel@* gl x)du>0  (i=1,2).
Js,

Choosing & >0 to be sufficiently small and setting for i=1, 2

(x) = 1, xesS;
WX = &, XEK\\S,

we obtain

~

(—1)'] 0(x) T lq*, golx)du>0  (i=1,2). (13)

K~ Z{g*)
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Furthermore fw, + (1 — ) w, e Wfor any 0 < < 1 hence by (13) for some
O<p*<1

o (B0 (1= B) 02)() (g, o)) i =0

But this contradicts (6). Thus we may assume without loss of generality by
linearity of 7 ,-functional that 7,(g*, ¢,)(x) >0 a.e. at K\ Z(g*) and by (6)
this inequality should be strict on a subset of K\ Z(¢*) of positive measure.
In addition, g, € M, ie., ¢,=0 ae. Z(¢*). Thus we have found an element
in M required by the A-property. The theorem is proved.

The next statement is an immediate consequence of Theorems 2 and 3.

COROLLARY 1. Let X be a strictly convex smooth Banach space and let
M be a finite dimensional subspace of C(K, X'). Then in order that M be a
Chebyshev subspace of C, (K, X) for all weights «w e W it is necessary and
sufficient that M satisfies the A-property.

In case when X=R, K= [qa, b] Theorem 3 was verified by the author
[5]. In an independent work Pinkus [10] gave another version of this
result for X=R, K=[qa,b]. Imposing a slight restriction on M, ie.
w(Z(g))=wu(Int Z(q)), Vge M he showed that the result remains true even
if only continuous weights are considered. It can be shown that with the
same restriction on M Theorem 3 also holds for any smooth Banach space
X, if we replace the set of measurable bounded weights by continuous
weights. Moreover, in case when X=R, K=[a, b] we can improve the
theorem further considering only the set W”* of positive infinitely differen-
tiable weights at [a, b]. Let us outline the proof.

THEOREM 4. Let M be a finite dimensional subspace of C([a, b], R) with
the property that W(Z(q)) = u(Int Z(q)) for any qe M. If M is a Chebyshev
subspace of C_([a, b], R) for any we W™ then M is an A-space.

Proof. First of all let us note that tg(u, v)=vsignu (4, veR, u#0).
The proof is identical to the proof of Theorem 3 until we get a weight
we W™ satisfying (12). The only properties of the set of weights W™
needed in this part of the proof are the following: (i) W*> is a convex cone,
re., aw,+ fw,e W for any o,,w,e W>* and o, §>0; (ii) for every
Wy, w,e W* we can choose o>0, to be small enough so that
W, —ow,e W*. Furthermore we again let ¢,,.., ¢, be a basis in M such
that ¢,,.., g, (k<n) is a basis of M and we set M’ =span {g,, ., q,)-
Evidently, no ge M'\{0} can vanish at Int Z(g*) since otherwise the
relation u(Z(g*)) = p(Int Z(g*)) would imply that g vanishes a.e. on
Z(g*). By a simple compactness argument we can derive the existence of a
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finite number of closed intervals [a;, ;] = Int Z(g*) (1 </j<s) such that
no ge M\ {0} vanishes on all of them. Furthermore for any constant R>0
we can construct w* e W such that o* =o at [a, b\ Z(¢*) and w* =R
at Uj_, [« B;]. This can be easily done.

The rest of the proof can now be completed following the proof of
Theorem 3.

ExaMPLE 1. Set X =R%, where R} denotes the space R* endowed with
the [-norm Jall,= (X% lal”)'"” (a=(a,,.,a)eR") and 1<p<ww.
(Note that R3 is equivalent to C). Then we have for u={u,}*_,, v=
(et eR L u#0

i
.
Tk v) = b 7Y ] e, signoa,

[

:H“”/l) " Z |7 T, ).
w00

This relation immediately implies that if M ..., M, < C(K, R) are A-spaces
then their Cartesian product

M=M;x - xM.={(q.q) g e M, 1 <i<k}

is an A-space in C(K, R}), ie., it is Chebyshev in C (K, Ry) for all we W.
(Weaker versions of this result can be found in [3] and [4].)

[t was proved by Havinson [2] that if M < C([q, ], R) is a Chebyshev
subspace of C_([«, b], R) for each w» € W and elements of M do not vanish
on intervals then M is a Haar space at («, b), i, each ge M\ {0} has at
most dim M — 1 zeros at (a, b). (This result can be also deducted from the
necessity of the A-property, see [5].) We shall give now the analogue of
this statement in the general case.

Consider 1, ge C(K, X). Let us say that f'is locally orthogonal to g, writ-
ten /L. g if T4(f, g)=0 a.e. at a nonempty open subset of K\ Z(f). If
(f, g)=0 a.e. on the whole set K\ Z(f) then we say that f is orthogonal
to g, written fLg. (Note that if X is smooth then 1 ,(u, v) =0 is equivalent
to Birkhoff orthogonality of u to v.) As usual an open set § — K is called
r-disconnected if it is a union of r disjoint open sets.

THEOREM 5. Let M, dim M =m, be a linear subspace of C{K, X), where
X is a smooth Banach space. Assume that for any q,, q.€ M\ |0} the
relation ¢, L,..q, implies q,1q,. Then if M is a Chebyshev subspace of
C (K, X) for all e W it follows that K\ Z(q) is at most m-disconnected for
any ge M\{0}.
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Proof. Assume that in contrary for some geM\{0} we have
K\Z(q)=U7H' Q;, where Q,—s are nonempty open disjoint sets. Let M
be the set of those elements § in M for which 1,(q, §)=0 a.c. at K\ Z(q).
The linearity of 7 ,-functional implies that M is a linear subspace of M. Let
g:;» 1 <i<m, be a basis in M such that ¢,, | <i<r (0<r<m—1)is a basis
in M and set M,=span{q,,  ,.. ¢, . Consider the (m—r)x(m+1)
matrix
l=jsm+1

B(w)={fg () T4, 4,)(x )du}

rbbsism

Furthermore, denote by B* the set of all those (m —r)x (m+ 1) matrices
for which every (m—r)x (m—r) submatrix has nonzero determinant. [t
can be easily shown that B* is a dense subset of R~ 7"+ [n [2] this
statement is proved for r=0, the proof for any 0<r<m—1 is similar.
Assume that for some w € W we have B(w)e B*. Then the linear system of
equations

mt 1

> aJ w(x)1{q, g)(x)du=0 (r+1<i<m) (14)

j=1

has solutions «;e R\ {0}, 1 <j<m+ L. Set

W*(x) la;] w(x), xeQ,, 1<js<m+1 s
1, xeZ(q), (15)
w*e W, and
+_ Ja(x)signa;, xeQ, 1< j<m+1 (16)
10, xe Z(q).

Evidently, ¢* is continuous at K and ¢*(x)= =+¢(x) for every xe K. Thus
g*e M*\{0}. Moreover, using again the linearity of 7. -functional we
obtain for xe Q; and any r+ 1<i<m

sign a/'TX(q’ g.)(x)=1x(q, sign ajqi)(x) = T,(sign a4, q,)(x).

Hence and by (15) and (16) we can rewrite (14) as

m+ 1

0=% 4] o()Tilg. g)0x) du
i=1
m+ 1

S | o*x) tg* a0 du

j=1 "¢

It

= erndgt e de  rH1<ism (17)
K\ Z(g)

640751,2-2
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Finally, using that 1,(g* g,)= +14(q.¢,)=0 ae. at K\Z(q) for every
1 <i<r we can derive from (17) that

| o) tde* @) du=0,  GeM.

K Z(g*)

Thus M is not an A-space, which in view of Theorem 3 contradicts the
assumptions of our theorem. By this contradiction we obtain that the set
B={B(w): we W} has empty intersection with B*. Since B* is dense in
R 7+ and B is a convex subset of R 7™+ it follows that B has
empty interior, 1., it belongs to hyperplane. Thus for some ¢, ;€ R (not all
of them zero) we have for every we W

mot+ 1 m ~

0=3 X ¢ obordg ) de
j=1 i=rtl /

= Jl w(x) Tylq, §,)(x) du
j=1 "8

where §;e M|, 1 < j<m+1, and at least one of §,—s is nontrivial. This
latter relation yields that 74(q,4,)=0ae at @, 1<j<m+1, ie,if g, is
nontrivial then ¢ L. §,. But by the assumption of the theorem this implies
that ¢L1§,, ie. for some 1 <j<m+1, §e M\ {0}, a contradiction. The
theorem 1s proved.

COROLLARY 2. Let X be a smooth Banach space and let M be a finite
dimensional subspace of C([a, b], X) such that for any q,, 4,€ M\{0} the
relation g, 1,.. 4, implies g, 1q,, and no nontrivial element of M vanishes at
an interval. Then if M is a Chebyshev subspace of C.([a, b], X) for all
we Wit follows that M is a Haar space at (a, b).

Let us give an example of application of Theorem 5.

Set K=[a,b], X=C=R3. Note that for u, veC (u#0), 1c(u,v)=
Re vsign u, where signu=u/jul. Let M,={>%_, Cpe™: C,eC} where
O=ro<r,< --- <r,are integers.

It was shown by Havinson [2] (see also [7] for a more general
statement) that if r, =k, O0<k<n, then M, is an A-subspace of
C({a,b],C) (0<a<b<2n). Let us show that in order that M, be an
A-space it is necessary that M, be a Haar space at (a,b) (0<a<b<2m).
We need only check that M, satisfies the conditions of Corollary 2.
Evidently no element of M, vanishes at an interval. Furthermore, if for
some ¢,, g€ M,\{0} we have t¢(q,, ¢,)(x) =0, a.c., at an interval then
Re g,(x) ¢,(x)=0 at an interval. But Reg,q, is a real trigonometric
polynomial, ie., Re §,q, must be identically zero. Thus t.(q,,¢g,)=0 at
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La, b1\ Z(q,). This means that Corollary 2 can be applied for M,. In par-
ticular, we obtain that M, is an A-subspace of C([0, 2n], C) only if r, =k,
k=1,..,n

THE A-PROPERTY

In this last section we shall consider the question of existence and
characterization of A4-spaces. This problem is well studied in the case when
K=1[a,b], X=R. In this situation a classical example of an A-space is a
Haar space at (a, b), 1.e., Theorem 2 gives the well-known Jackson—Krein
theorem. Some examples of Haar-type A-spaces in the case when
K=1[a, b}, X=C(=R32) were given by Kripke and Rivlin [3], Havinson
[2] and the author [6]. In a series of papers by Strauss [12, 13, 14],
Galkin [1], Sommer [16] and others it was shown that different families
of spline functions also satisfy the A-property if K=[a, b], X =R (see also
[4] for the case X =C). Furthermore Sommer [ 18] proved that A-spaces
satisfy the Weak Chebyshev property. These results raised the problem of
complete “identification” of the A-spaces. Recently, this problem was
solved in the case K=[a,b], X=R by Pinkus [10]. The essence of his
result is that 4-spaces are composed piecewise from Haar spaces, i.e., they
are generalized splines of a certain type.

Let us turn to the question of 4-spaces of real valued functions of several
variables. Let us assume that K is in R* and X =R. The most natural
candidates for A-spaces seem to be algebraic polynomials P, =
{2 jentdyxy'ia,e R} It can be shown (see [8]) that if K is convex than
P, is indeed an A-space. But, unfortunately, this turns out to be an excep-
tion. It is an easy exercise to check that P,, n>2, does not satisfy the
A-property if K has nonempty interior in R?. Analogous remarks hold in
connection with the polynomials

"

n
P, = { Y Y a;xviaze R} it n,m=1.

i=0j=0

Sommer [18] pointed out that linear splines of two variables does not
satisfy the A-property, as well. Of course there can be given a trivial exam-
ple of an A-space in C(K, R), K< R? of arbitrary dimension » simply by
considering a linear span of nonnegative functions with disjoint supports.
The above observations indicate that it is very probable that 4-spaces of
real functions of several variables do not exist apart from some trivial
cases. Of course, the situation is different in the complex case, because, for
instance, algebraic polynomials satisfy the 4-property.

Thus our approach which consisted in studying the uniqueness with
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respect to a/l weights is convenient for real functions of only one variable
and it secems to become very restrictive if we turn to real functions of
several variables. This, of course, does not mean that we can not have nice
Chebyshev subspaces with respect to a single weight in the real multivariate
case. In fact it was shown in [8] that tensor products of Haar spaces of
arbitrary dimension with two-dimensional Haar spaces are Chebyshev in
C(K,, R) if K, is a rectangular region in R* (here w=1). Thus, in par-
ticular, P,,, and P, are Chebyshev subspaces of C,(K,, R). On the other
hand P,,, and P,, do not satisfy the A4-property, ie., they are not
Chebyshev with respect to some other weight. This is another illustration
of the fact that the A-property is not necessary in general for uniqueness
with respect to a single weight.

Finally we would like to conjecture that P, ,, is a Chebyshev subspace of
C (K>, R) for any n, m=1. In [9] we proved a weaker result showing that
P,,, is Chebyshev in Pc C((K,, R), where P=1),, P, .

Remark. By the time the present paper was completed Professor
M. Sommer kindly sent the author a preprint in which he verified
Theorems 1 3 of this paper in the case X'= R. Sommer also presents in his
preprint an interesting example of bivariate linear vertex splines which
satisfy the A-property.
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